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Abstract. We begin to study classical dimension theory from the computable analy¬ 
sis (TTE) point of view. For computable metric spaces, several effectivisations of zero- 
dimensionality are shown to be equivalent. The part of this characterisation that concerns 
covering dimension extends to higher dimensions and to closed shrinkings of finite open 
covers. To deal with zero-dimensional subspaces uniformly, four operations (relative to 
the space and a class of subspaces) are defined; these correspond to definitions of induc¬ 
tive and covering dimensions and a countable basis condition. Finally, an effective retract 
characterisation of zero-dimensionality is proven under an effective compactness condition. 
In one direction this uses a version of the construction of bilocated sets. 


1. Introduction 

Various spaces of symbolic dynamics [12] , such as A = for a finite alphabet A or the sofic 
subshifts, are useful examples of zero-dimensional topological spaces, interesting both for 
dynamics and in connection with computation. Some similar remarks apply to the spaces 
of cellular automata and to a lesser extent to general subshifts. To deal effectively with 
sets which are zero-dimensional in non-symbolic mathematical contexts, however (such as 
in or the minimal sets of an expansive compact dynamical system (T] Thm 2.2.44]), it 
is desirable to examine possible effective versions of this property. In the present work, 
we begin a basic investigation to consider effective zero-dimensionality both of computable 
metric spaces and of their closed subsets, in the framework of computable analysis via 
representations (see [IB], [B])- 

To this end, for a topological space X, recall that a subset R C A is clopen if B is open 
and closed, equivalently if the boundary dB is empty. For a separable metrizable space A, 
the following conditions are equivalent; 

(1) (Vp € A)(VA G n)’(A)) (p 0 A 0 is a partition between p and A), 

(2) (VA, R € n*j'(A)) (A n R = 0 =1> 0 is a partition between A and R), 

(3) (Vi^)(3V) {U is an open cover of A V is a partition into open sets refining U ), 
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(4) (^IA){^V){U is a finite open cover of X V is a finite partition into open sets 
refining U ), 

(5) there exists a countable basis B for the topology of X consisting of clopen sets, 

(6) (VZ^)(3V)(Z^ is a finite open cover V is an open shrinking of lA by pairwise 
disjoint sets), 

(7) (VAen?(X))(3/G C'(X,X))(7l/0 ^ im/ = 7lA/U = idA). 

Here, in ([T|) and (l2|), P is a partition between disjoint H, P C X if there exist disjoint open 
U,V X such that A G U, B C V and X \ P = U U V. In ([3]) and (|4]) a partition (of 
X) is a pairwise disjoint family of sets (with union equal to X). In ([6]) a shrinking of a 
cover {Ai)i^i of X is a cover satisfying Bi C Ai for all i € I. A nonempty space X 

satisfying m (or any of the equivalent conditions) is zero-dimensional] a subset X C X is 
zero-dimensional if Y is zero-dimensional in the relative topology Tx\^■ 

Next, recall that any zero-dimensional separable metrizable X is homeomorphic to a 
subspace of the Cantor space C := {0,1}^ [TOl Thm 7.8, p 38]. For strictly topological 
questions on zero-dimensional spaces it is thus possible to consider only subspaces of C. 
In this paper we will address our questions from the slightly more intrinsic point of view 
mentioned above, treating zero-dimensionality on a computable metric space X and its 
subsets. More specihcally, we consider computable versions of the existence statements ([I])- 
dZD; these are certain multi-valued operations which, stopping short of studying Weihrauch 
degrees, we require to be computable. In the case of a subset Y C X, zero-dimensionality 
of Y can be stated in several ways using closed or open subsets of X, and these statements 
also can be viewed as multi-valued operations. While a systematic treatment is not given, 
we present various dehnitions of operations (corresponding to equivalent forms of zero- 
dimensionality) and some of their interrelations. 

Thus, in Section [4] three implications are proven between four operations relevant for a 
general class y C V{X) of zero-dimensional or empty subsets of cardinality |T| < these 
correspond to ([I]), ([2]), ([5]) and, loosely, to a condition like ([3]) or ([6]). Further results on 
the four operations for y = {Y G n5(X) | dimX < 0} under effective local compactness or 
similar assumptions will be discussed elsewhere. In Section [5] the results of Section [4] are spe¬ 
cialised to the case Y = X, and a robust notion of effectively zero-dimensional computable 
metric space is found to exist. Some more evidence for the suitability of that definition 
is provided by Section [6l which deals with covering dimension (essentially extending the 
conditions (j3]), (jH and ([6])), though in an ad hoc way. 

We also present, in Section [71 an effective version of the decomposition of totally 
bounded open subsets of zero-dimensional spaces found in m Cor 26.11.1]. This is used 
(with an effective compactness assumption) to prove Theorem 17.61 an effectivization of ([7)1 
above. Finally, in Section [8] a converse Proposition 18.51 is proven. This relies on the exis¬ 
tence of so-called bilocated sets from the constructive analysis literature; some computable 
analysis versions of these proofs are given in the same section. Sections [2] and [3] respectively 
discuss notation and supporting results on general covering properties of metric spaces 
(namely, effective versions of the Lindelof property, and swelling and shrinking of finite 
covers). 
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2. Notation 

By (•) : N* —>■ N and (•, •) : —> N we denote standard tupling functions, with corre¬ 

sponding coordinate projections tti, 7r2 : N ^ N in the binary case. A standard numbering 
of N* is also introduced by := w {w ^ N*). Similarly, with B := we define 

(.,.); b 2 ^ B and ^ B by 

(p(o),p(i))( 2 j -\-z) = and • • • )((i, j)) = 

(here p = popi ■ ■ ■ G B, i.e. pi := p{i) for every p € B, i G N). Again we write 711,^2 : 
B —)■ B for the coordinate projections in the binary case. We will also occasionally consider 
projections tti : X x Y ^ X and 112 ■ X xY ^ Y for any cartesian product X x y; it will 
be clear from the context which of the above notions is meant. Further, in a metric space 
X, we write 

N,{A) := IJ B(x;e) and N,{A) := |J B(x;e) 

x^A x^A 

for any AYX and e > 0. 

In general, we assume familiarity with the framework of computable analysis via rep¬ 
resentations |18] . [8]. We will also use some notation for specific representations from [5]. 
If {Xi, 6 i) {1 < i < n) and {Y, 6 ') are represented spaces, similarly to [18], a (di,..., dn,; 6 ')- 
realiser of an operation / :C Xi x ■ ■ ■ x X^ ^ y is a map F :C B” —>■ B such that 

G f{5i{p^^^), ... ,5n{p^'^^)) whenever 

n 

G JJdomdj and (di),..., G dom/. 

i=l 

However, unless otherwise mentioned, when representations di, 82 , 8 ' are understood a 
‘realiser’ of / :C Xi x X 2 ^ Y will be a map F :C B ^ B, namely a ([5i, (52]; ^O’^^^^iser. 
This convention has some minor advantages where brevity is concerned. 

For a computable metric space (Ai, d, v), in this paper the Cauchy representation 8 x -F 
B ^ A is dehned by 

p G 8 x^{x} : <;=> lim ^{pi) = x ^ G N) d{u{pi), i^{pj)) < 

A representation p of M will be used less often; for definiteness, let it be the Cauchy repre¬ 
sentation of (R, d, nq), where d{x, y) = \x — y\. 

Let (A, T) be a second countable topological space and let a, /3 : N —>■ T be numberings 
of possibly different countable bases. 

Definition 2.1. (c) C is a formal inclusion of a with respect to /3 if 

(Va,6 G N)(a C h => a{a) C I3{b)). 

Consider the following axioms, in order of increasing strength. 

(1) (V6)(Vx G A)(3a)(x G /3{b) x G a{a) A a Y b) 

(2) (V6)(Vx G A)(V17 G r)(3a) {x G /3(6) n C/ ^ x G a{a) FU AaYb) 

(3) (Vo, 6)(Vx G A)(3c)(3: G /3(a) D /3(b) x G a(c) AcYaAcYb) 

(4) (V6)(Vx G X)(3U G S?(A))(Va)(x G a(a) F 13(b) PiU a Y b) 
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In particular, in a computable metric space (X, d, v), consider numberings of ideal open 
and closed balls 

a : N := im a C T, (a, r) Uq+ (r)), 

d : N -> imd C n?(X), (a,r) Bd{iy{a);uq+{r)). 

Here iyq+ is a standard total numbering of the positive rationals Q"'' with a (z^Q+jidn)- 
computable right-inverse ” : Q"*" —>■ N. 

The relation C defined by 

(a,r) C {b,q) : d{v{a),v{b)) -h vq+{r) < Vq+iq) 

is a formal inclusion of a with respect to itself; moreover it satisfies c\Z d d(c) C a{d) 
and Q. For the purposes of this paper, we will often call a formal inclusion satisfying 
property ([T]) a refined inclusion. 

From any basis numbering a (of a topological space X) we can define a representation 

5 : B ^ S?(X),p ^ [j{a{pi - 1) | i € N,p, > 1} 

of the hyperspace of open sets in X. For a computable metric space with a as above, this 
representation is denoted ^ clear from the context. Correspondingly, we 

write 

,5no :B^n?(X),p^X\,5so(p) 

for a representation of the hyperspace of closed sets in X, and 

(5^0 :C B ^ A'j’(X), {p,q) 6-^o{p) = 

(with natural domain) for a representation of the clopen sets in X. When writing S5(X), 
n5(X), A5(X) we always assume these classes are equipped with the corresponding repre¬ 
sentations. 

For the purposes of this paper we need two more representations of the class ^(X) of 
closed sets in X (cf. [5]). Define Grangej :C B —>■ A{X) by 

(p(°\...) G 5“nge{^} : ^ (H = 0A(Vi)p(*) =O‘^)v(H^0A{pW | i G N} C p-^d]^^AA 

{\fx G A){\fU G Tx){^i){x eu ^ { 6 x 0 P){p^^) G U)), 
where P :C B —>■ B is defined by P{p)i := Pi — 1 (domP = {p G B | {\/i)pi > 1}), 

P ^ (^dist)~H^} : dp ((5x,^)-realises : X M, 

where 

p G {n G N I I'qin) < t} = {p* — 1 | z G N A p* > 1}. 

Here pp = p{p) for a certain ‘canonical’ representation p of the set F = {P :C B —)• B | 
F continuous with Qs domain}. In particular, p satisfies certain versions of the smn and 
utm theorems; see [ISl §2.3] for precise (and rather general) statements. Grange and will 
be used in Sections [7] and El 

Next, for any represented set (X, <5), consider the set X* of finite-length words over the 
alphabet X. A representation of X* is defined by 

A, if n = 0 

(l(p(°))... (5(p("“^)), if n > 1 


A* :CB^X*,n.(p(°),p(^\...) ^ 


(n G N) 
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where A is the empty word. In Sections[3l[5l[6]and[8]we will use 6* for various representations 
6 of hyperspaces of a fixed computable metric space X. If (/, i') is a numbered set, a 
representation :C B —)• I is defined by 

domdjy = {p € B I po S domv} and 6u{p) = i^ipo)- 

Consider now the set E{X) of finite subsets of X. For a numbered set {I, v) one can define 
a standard numbering FS(V) of E[I) following [161 Defns 2.2.2, 2.2.14(5)]: hrst, dehne a 
total numbering e of £'(N) by e = 1 /’“^ for the bijection if; : £'(N) —N, A i-A 2b Then 

define 

FS(z^) :C N E{I),k i-A {v(i) | i G e{k)} where domFS(i^) = {k \ e{k) C domi/}. 
The next lemma verifies equivalence of two representations arising from these definitions. 
Lemma 2.2. For any numbered set = 5e(/): where 

p G {3k){yi) {{i < k pi G 1 + domz^) A {i > k pi = 0)) 

A{u{pi — 1) I z < A;} = 5. 

Proof. 5Fs{t/) < dE[i). we use F :C B ^ B,a.O^ i-A where |rt;| = #e(a) (the number 
of nonzero bits in the binary representation of a) and Wi := j + 1 if j is the smallest 
member of e(a). 

hE(i) El <^FS(i/)- we use F :C B ^ B,p i-a a.O^ where k := pi {pi = 0) and a := X]{2-^ | j G 
N A (3z < k)pi = j + 1}. □ 


3. Covering properties 

For any represented spaces (X, 5), {Y,6'), denote the set of (<5, 5')-continuous total maps 
f:X^Yhy a{d,h')- 

Lemma 3.1. For computable metric spaces {X,d,u), {Z,d',i>') and Cauchy representation 
6z of Z, the computable dense sequence Zi := n'{i) (i £N) satisfies 

UeN^(^i) = [Jz&zuiz] 
for any u G Cs{6z,dY;0(^x))- hn particular, 

L' : Csidz’tdYOf^x)) (^(^i))iGN! 

U : (7^(5^, 5s0(x)) ^ Ei{X),u i-A |J zez 
are resp. {[6z —>■ - and {{5z —>■ (l5]0(-jj(^))-computa5Ze. 

Lemma[3T] plays a similar role to the Lindelof property of separable metric spaces, albeit 
only for representation-continuous indexed covers. The operation of continuous intersection 
for closed subsets, dual to U, has been considered in |6]. 

Proof. Take 

A := {ui G N* I tc.BndomiJ^ / 0} = {zu G N* | (Vz,j < \w\)d'{E{wi),i''{wj)) < 
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We let Zi := ^'{i) = for A / u) C . Now consider u G Cs(<5z,<5 s5(y)) a 

continuous realiser F :C B —)■ B of u. For any x £ X and z a Z such that u{z) B x and 
q G S^^{z}, it holds that 

= (^eO(X) ° P)iQ) = [j{a{F{q)n - 1) I re G N, F{q)n > 1}; 

we suppose x G a{a) where a + 1 = F{q)n- Since F is continuous, there exists w \Z q such 
that any r G w.M n domiJ^ satisfies F{r)n = a + 1 and hence (re o 6 z){r) 3 x. In particular 
this applies to r = rc.re;j^|_^ G {v '= 6~^'^{zi} for i = □ 

We continue this section with some results around shrinkings and swellings of covers; 
as in the classical case these are useful to give equivalent definitions of bounds on covering 
dimension. Following [S], these constructions depend on Urysohn’s lemma; we specifically 
are interested in the effective form from m- 

Theorem 3.2. (Weihrauch [171 Thm 15]j In a computable metric space X, define 
U :C n?(W)2 ^ C(W, M), (Al, S) ^ {/ I im / C [0,1] A f-^{0} =AA = B} 

(dovnU = {{A,B) | Ani? = 0}J. Then U is ([5n°) p])-computable. 

Definition 3.3. For any family A = {Ai)i^j C V{X), a swelling of Al is a family {Bi)i^j 
satisfying {\/i){Ai C Bi) and 

f| B^^ = 0 ^ Pi = 0 (3.1) 

j<m j<Fn 

for any m > 1, re; G I™. 

Classically, any finite collection of closed subsets has an open swelling and this construc¬ 
tion can be effectivized given suitable data on the emptiness or nonemptiness of intersections 
in (in]). Dually, this result allows (5^0- and) subcover information for a finite open cover to 
be used to produce closed or open shrinkings computably. For the present paper, working 
with such information (coding it appropriately in representations for covers) is unnecessarily 
complicated; we instead consider two partial effectivisations of the proof of [U Thm 7.1.4]. 
For any indexed family {Ai)i^i C V{X), the order of the family, ord(Ali)ig/, is here defined 
as the least re such that is empty whenever zq, ... ,in are distinct elements of I 

(this definition varies slightly from that in [^). 

Lemma 3.4. Let X he a computable metric space. For any G N, the operation :C 
n5(X)* z4 e5 (W)* defined by dom5+^Ar = {(F))j<fc | {Fi)i of order < -|- 1} and 

S'+,Ar((Fi)i<fe) = {{Ui)i^k I (Vz)(Fi C Ui) and {Ui)i<k of order < W-A 1} 
is { 6 ^ 0 ,5^o)- computable. 

Proof. Assuming (Fi)i<fc G domS'+^^r, we first deal with the case A: > A^ + 2. Inductively 
in re < A:, assume fi G (^(A, [0,1]) has F) C /~^{0} and Ki := /“^[0,2“^] for each i < n. 
We also assume (F)*'"^^)i<fc is of order at most A -|- 1 and F) C for all z < A; where 
:= (FTj, if z < re; Fj, if re < z < k) (z < k). Then 

5»:=U{n Fjff^ I zre G [0, A:)^^^ injective with zcat+i = re} 

j<N 
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(n) 

is closed and disjoint from Fn ' = Fn- By Urysohn’s lemma there exists continuous fn ■ 
X [0,1] such that C /“^{O} and Sn F Defining Kn and as above, 

we have C for each i < k, and for w € [0, A:)* injective with |r(;| > + 2 we 

have 



j<fo| 




if (Vj < {wD^Wj 7 ^ n) 
if Wj = n 


FKnnSn = t 


In step n = A:—1 of the above induction we get = Xi for alH < A; and any injective 

w G [0, k)* with |u;| > + 2 satishes nj<fo| = 0- But then for Ui := /j~^[0, 2“^) C Ki 

{i < k) it is clear {Ui)i^k £ 5'+_7v((-^i)i<fe)- Furthermore it is clear how to obtain 6 ^q- 
information on {Ui)i^k- Namely, let F and G be fixed computable realisers of the operations 

:C n?(x)* X c{x,Ry ^ n?(x), {{Fiy^k, ^ Sn 

{douiT^^^ = {((Fi)i<A:, (/i)i<n) | n < k}) and U :C n5(Ai)^ ^ ^(X,]^) (from Theorem 
[321), andp = k.{p^°\ ... ,...) G ((5^o)“H(-^i)i<fc}- Then 

g(n) _ G(p(”),F(p,n.(g®,...,g(”-T,0“,0“,...))) (0 < n < A:) 

are \5x —>■ p]-names of respective fn, uniformly computable from the inputs; computability 
here is a matter of appropriate dovetailing. Note for the case A: < X + 1 the same argument 
works (with Sj = 0 for all i < k)] in any case, checking {Ui)i^k have order at most X + 1 
becomes trivial. This completes the proof. D 


Proposition 3.5. For any computable metric space X, the operations 

5_ : C S?(X)* ^ n?(X)*, (Xi)i<fc ^ {{Fi)i<k I (Vf)(X. C Ui) A U T, = X} 

T : C n?(X)* S?(X)*, {Bi)i^k ^ {{Ui)i<k I a = 0 A (Vi)Bi C Ui] 

(domS- = {(Xi)i<fc I (J. C/j = X}, domT = {{Bi)i^k I Hi= 0 }j are resp. (< 5 * 0 , <5^0)- and 
{6^0, ^^0)-computable. 

Proof. Inductively in n < A:, suppose /j G ^(X, [0,1]) and Ki := /“^[0,2“^] 

(i < n) are such that = {Ki, if i < n; Bj, if n < i < A:). We additionally suppose that 
fi satisfy Bi C /~^{0} for all i < n, and that ni<fc ~ 0- 

Then Sn ■= Cljelo k)\{n} closed and disjoint from B„ (= B^ff^). By Urysohn’s 

lemma, there exists continuous fn'.X^ [0,1] such that Bn F /T^{0} and Sn F f~^{l}. 
Dehning Kn, (Bj^"''''^^)j<fc as above in the case n + 1 < A:, we have F for all 

i < k with 

a<k = r]i<n K^ n b, = Bf) n x„ = n = 0. 

By step k of this induction, there exist fi such that Bj C /G^{0} and Ki := /~^[0, 2“^] 
{i < k) satisfy B* C Ki for all i and fji= 0- Writing Ui := /“^[0,2“^) {i < k) we now 
have Bi F Ui F Ki for all f < A: and Ui = 0. This establishes the computability of T. 
Then domB- = {(X \ Bi)i \ (Bj)j G domT}, and also {Fi)i G S-{{Ui)i) iff (X \ Fi)i G 
T{{X\Ui)i). □ 
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4. Zero dimensional subsets 


For a computable metric space X and a class 3^ C V{X) of zero-dimensional or empty sub¬ 
sets with |3^| < 2^°, what information should be included (or more abstract requirements 
made) when specifying a representation Jy of 3^? Loosely speaking, we would like effective 
versions of certain theorems concerning zero-dimensionality to hold, without requiring ‘un¬ 
realistically’ strong information on inputs. While we are here far from an exposition that 
would satisfactorily answer this open-ended problem, it seems a reasonable place to start is 
from the definition of zero-dimensionality as presented in Section [TJ Specifically, as effectivi- 
sations of dU), Q, dH), dH) which also depend on the subspace Y in place of X we (for given 
3^, 6y) consider computability of respective operations B, S, M, N, defined as below. 
For brevity, in case of the binary disjoint union of two sets, we often write “'E = CUD” in 
place of “C n D = 0 and E = C Li D"'. 

B-.y^ {Y\{Xff X (N^)^, S :C S?(X)^ x 3^ ^ S?(X)^, 

M :C X X S?(X) X 3^ =1 S?(X)2, N :C n?(X)2 x 3^ =1 T!i{Xf 

with domS" = {{{Ui)i,Y) \ (Ji ^5 Y}, domM = {{x,U,Y) | x G C/}, domA^ = 
{{A,B,Y) \AnB = i!)}, and 

B{Y) := {a,,bi)i) I {Ui\ a basis for Tx, (Vi)y C U.UF, and 

{{cikibk) I A: G N} rehned inclusion of {Ui)i w.r.t. a}, 

S{{Vi)i,Y) := {{Wi)i I (Vi)lFi EVi A[j^Wi^Y and {Wi)i pairwise disjoint}, 

M(x, U,Y) :={{¥, W)\xeV YU AY (Z VUW}, 

N{A, B, Y) := {([/, V)\ACUABCVAYC UUV} 


Proposition 4.1. Let X he a computable metric space and 3^ Y V{X) 
dimensional or empty subsets with representation 5y. Then ((i)) ((h)) 

^(fM- 


U- t-tu-oo UJ 4^0! U- 


(f(ih)]) 


(i) N :C n5’(3f)^ X 3^ ^ S5(X)^ is computable. 

(ii) M :Y X X S5(3f) x 3^ ^ S5(3f)^ is computable. 
(hi) B : y ^ (S5(X)^)^ x (N^)^ is computable. 

(iv) S :C S'((X)^ X 3^ =1 S5(X)^ is computable. 


Proof. 

((i)) => ((ii)): If {x,U,Y) G domM then {{x},X \U,Y) G domA^ and for any {V,W) G 
A^({x},X \ U,Y) it holds that x € V Y X \ W YU and Y Y V Y W (equivalently, 
(F, W) G M(x, U, Y) and X\U Y W). 


((ii)) => ((hi)): Consider M° ; A1 x N x F =1 S'((3l)^ dehned by 

M°{x,i,Y) = M{x,B{x-,2-^),Y) = {(F, W) | x G F C B(x;2-*) AF C VUW}. 
li 6 = 5x is Cauchy representation of X, let G :C —>■ B be a computable ((5, (5 m) <^ 3 ;; 
realiser of M°, Z := domh and 

:= feo OM oG')(-,j.0‘^,g) : Z S?(X) (j G N, g G domcJy;). 

We now can apply Lemma l3.ll to u^q'^ (with (ph))j a standard enumeration of {re.rch 


w G A} Y Z for A as in proof of the lemma), obtaining IJigN 'ag^^(p^*^) = X for every j £ N 
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q € domdy. If we denote 

: N X B ^ S?(X)2, ((i,J),q) ^ (^o o G)(p(^\j.0‘^,q) 

and b' := TTi o Bi : N X B — 7 ^ S^(X) then one can check each b'(-, q) is a basis numbering. 
Next, define 

(i,j) C' (n,r) : d(5(pW), i/(n)) + 2 "^ < i/Q-r(r). 

We show 

Property 1. (c') C is a c.e. rehned inclusion of b'{-,q) w.r.t. a. 

Proof of Property [1} 

b'{{i,j),q) = (vTi oG)(pW, £ (tti o M°)((5(pW), j, (Iy(g)) 

implies £ b'{{i,j),q) C where the latter set is included in a{n,r) if 

{i,j) C' (n,r). 

Secondly, for p £ B and £ N let p^ denote the prefix po • • -Pn-i of p. We let s £ N, 
y := i/( 7 ris), r := i^(Q+(vr 2 s), x £ a(s), p £ and define 

:C B —)■ B,p i-A (tti o G){p,j.0‘^,q). 

is a continuous (ids |^, (5j]o)-realiser of Uq^'^ {q £ domJy). Fix j with d{x, y) + 2~^ < r, 
I £ N with Hq\p)i > 1 and x £ a (^Hq\p)i — and W £ N with Hq\doin6 Hp^.B) C 
Hq\py~^^.B. Any p' £ dom(5 Hp^.B satisfies 

ui^\p') = (<5so o 5 - l) M' < ^ A Hj^^\p)i, > 1} 

where the last set contains the point x. By density of {p^^^)i C domd, pick i with pA) £ 
domd np^.B and d{5{pb^">),y) + 2~^ < r. Then 

X £ u'y'>ip^"'>) = b'{{i,j),q) (C B((I(pW); 2"^)) 

and (i, j) c' s. This completes the proof of Property [H 

Finally we show B : y ^ (S5(W)^)^ x (N^)^ is computable. Fix h £ such that 
imh = {{a, b) | a d' b} and consider as a realiser the map I :C B —> B dehned by 

I{q) :=((rW,rW,...),(s( 0 ),s(i),...)) 

where r^Ad)) = G(pW, j.O'^, g) and = {'Kih{k).{)'^,'K 2 h{k).{)‘^) (i,j, A; £ N). That is, take 
{Ui,Vi) := ((5|o o G)(p(’^i*\ 7 r 2 i. 0 ‘^,g) = Bi{i,q) and ( 0 ^, 6 *) := h{i) for each i, so (17,), gives 
the basis numbering b'{-,q) and {ai,bi)i gives the relation c' independent of q. 

For a fixed q £ domiJy, observe {Ui,Vi) £ M°{S{p^'^^^^),7r2i,6y{q)) implies £ 

Ui C and dy{q) C t/jUFj. Then ((t7j,F)j, {ai,bi)i) £ {BoSy){q) trivially. 


((iii)) => ((iv)): This proof derives from [TTI §26.11, Thm 1]. 
{{Vi)i,Y) £dom5, {{Ti,Ui)i(zf^,{ak,bk)k) ^ B{Y) and {p^°\p^^\... 

Sd _ 


Assume we are given 


-’T:0{X)^ 

(d _ 


For each i enumerate (0 for each j s.t. pj = 0; + 1 for any j, k s.t. pj = 6^ + 1). By 

definition of B, c' defined in {ak,bk)k is a refined inclusion of (T,), with respect to a, so 
for any 6 £ N and x £ A there exists A: £ N such that x £ a{b) implies x £ Ta^. and hk = b. 
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Since 0 7 ^ ima ^ 0, this implies {bk 
— say this output is £ B. 


Now, let {Tij,Uij) 


( 0 , 0 ), 

{Ta,Ua) 


Also 


fe £ N} = doma = N, so output is infinite for each i 

; % “ (j £ N). We have (Vi)^, = U,- T.,r 

It q)' = a + 1 


W*J := n f| Uk,i c Tij n f| (X \ Tk,i) = \ IJ Tk,i ii,j £ N) 

(k,l)<(i,j) (k,l)<(i,j) {k,l)<{ij) 

are pairwise disjoint with -information available uniformly in i, j and the inputs. Then 
W, := U, W*j (C Vi, i G N) are pairwise disjoint with a (i^o-name of iWi)i available. 

Finally, any x £ (U* Vi) \ (U*/ VF*') = (Uj,j \ (Ui,j V^lj) has x 0 T by an argument we 
now elaborate. First, denote := T'^ifc, 7 r 2 fc and := {k £ N). Then one can 

chock 

rnUMZfcCUMZj (4.i) 

inductively. Namely, assume (14.ip for some I £ N (this is trivially true for / = 0). Then 
Z^ = ZkH r\k'<k t4ifc',7r2fc' ^ Zk\ Ufc'<fc and {\/V)Y C Ty U Uy imply 

F n Zfe c (y n z^) u Ufc^<fc(>^ \ u^v',^2k') v zi u Uk^^kiv n ^^0 


for all /c £ N, in particular 

F n F Uk<i {Zk u Uk'<kiY n z,,)) = U,<, z* u n z^) c u,<, z*, 

by inductive assumption. So, we established F = F D U^v^ = Yn[j,^^T,,,=Yn[j,z,c 
\Ji.Z^ = [jijW*j = \JiWi C IJjVi, and in particular {Wi)i is a cover of F. This proves 
computability of 5. □ 


At least two implications in Proposition 14.11 could be improved to results concern¬ 
ing Weihrauch reducibility ([7]) between the mentioned operations. If e.g. each operation 
M{-,-,Y) (F £ F) is guaranteed to possess realisers of a given represented class, then a 
corresponding enriched representation 5y^M can also be defined. For the purposes of the 
present paper, we do not study these notions further; in particular, we have not separated 
the conditions of computability for N, M, B, S. We mainly consider a situation where 
Proposition 14.11 is applied to F = X (in Section [5] and thereafter in Sections [7] and [ 8 ]) . 


5. Zero-dimensional spaces 

Less broadly than in Section [H one can ask what constitutes a useful nonuniform definition 
of effectively zero-dimensional computable metric space; more generally, this might be ad¬ 
dressed for closed effectively separable subspaces. In this paper we consider the problem 
for F = X onl}^. We consider computability of the following operations, again based on 
([I])-(l 6 ]) in Section [U 

S = S^ ■. S?(X)^ ^ F?(X)^, R = R^ :C S?(X)^ ^ A?(X)^, 

M :C X X S?(X) ^ A?(X), N :C n?(X)2 A?(X) 

^The subspace case could subsequently be treated following Section [6] to an effectivisation of the theorem 
on closed subspaces Thm 7.1.8], but we will not do that here. 



EFFECTIVE ZERO-DIMENSIONALITY 


11 


with domi?^ = {(V^)* | {Vi)i pairwise disjoint with [j^Vi = X}, domM = {{x,U) \ x G 
U}, dom N = {{A, B)\AnB = ^}, R^{{Vi)i) = {Vi)i and 

= {{Wi)i I {Wi)i pairwise disjoint with Wi C Ui and Uj Wi = IJi Ui}, 

M{x, U) = {W € A?(X) \xeWCU}, 

N{A, B) = {W \ A C W A B C X \ W}. 

Except for these operations are related to those defined in Section 01 For instance, label 
temporarily the new operation as N' and suppose X is zero-dimensional, with y B X and 
some computable p £ domJy such that dy{p) = X. Then 

A computable N{-,-,X) computable computable. 

If also y = {X}, we can derive full equivalence (using dehnition of product representa¬ 
tions). The situation is similar for the operations M, B and S (here compared to a suitable 
restriction of S^), e.g. for B this leads to the condition ([T|) in the following 


Proposition 5.1. Let X be a computable metric space. Then the following conditions are 
equivalent: 

(1) There exist computable 6 : N —A5(X) and c.e. refined inclusion of b with respect to a 
such that B := \m.h is a basis for Tx- 

(2) The operation N is computable. 

(3) The operation M :C X x n]’(X) ^ A^{X),{x,A) i-A X({x},X) is computable, where 
domM = {{x, A) \ X ^ A}. 

(4) The operation M is computable. 

(5) The operation C‘^ :C Sj’(X)^ S5(X)^ x B is computable, where 

= {{{Wi)i,r) I {Wi)i pairwise disjoint, = X, (VijlT* C Ur,} 

and domC'‘^ = {(Ui)i \ {jiUi = X}. 

(6) The operation := is computable. 

(7) The operation R^ o C‘^ o L' is computable for every computable metric space {Z, d', v'). 

(8) The operation C* ;C S5(X)* ^^(X)* is computable where 

c*mUk) = I (Vi < kfiVi c Ui), u, (Vi, j <k){ifij^Vin Vj = 0)} 

and domC* = {(t/i)i<n | n G N A |J^ 17* = X}. 

Note the conditions m, © and © correspond to definitions of large and small inductive 
dimension, and (loosely speaking) of covering dimension, respectively. 


Proof. 


): Follows from Proposition 14.11 (hi)) ((X))- 


Remark 5.2. A simpler effectivization of [11( §26.11, Thm 1] shows that S is 
computable under the same assumption. 


® Trivial. See Lemma [62KO ©) for an extension. 

© => ©: Consider arbitrary disjoint closed A,BTX. Then (17j)j<2 = {X \ A, X \ B) 
has U- [/* = X and any (ITi)*<2 G C*{{Ui)i) satisfies ITi = X \ Wq A A and X \ IFi D R, 
hence ITi G N{A,B). Also N is computable using -information on Wi (more formally. 


use the second projection from R(Wo, Wi, 0,0,...)). 

© => ©: Follows from Proposition 14.11 fi)) ((h)). 














12 


R. KENNY 


([3]) (jl]): {x,U) € domM 

any such x, U. 

dl^O: Follows from Proposition I4.1l|(ii)[) 


{x,X \U) € domM with M{x,X \U) = M{x,U) for 


((hi)). 


dSD^©: Use Lemma EH the closure scheme of composition (for partial functions) and 
computability of :C S?(X)^ —)■ Namely, the latter has a computable realiser 

F :C B ^ B dehned by 


F{p){i,2{k,j) +z) 


P{i,{k,j))j h Z 0 
^ P{k,j), if z = l Ak^i . 
P(i+i,j)^ ifz = lAk = i 


Then F {p^^\ p^^\ ...) = ■ ■ ■) where — 1 | j € N, > 1} = 

{p^^^ — 1 I j, /c G N, k ^ i, > 1} for each i. 

(0) (0): Take Z = N, F = idp}; then L' from Lemma IXTl is the identity on S5(A)^, and 

has a computable left-inverse. 

(IH) (I5|): Essentially trivial. See Lemma [QK lfTT) ([2])) for an extension. □ 


6. Covering dimension 

For a normal topological space X and n G {—IjUN, write dim A < n if any finite open 
cover of X has a finite open refinement of order at most n-|-1; write dim X = n if dim X < k 
fails exactly when k < n, or dimX = oo if dimX < k fails for all k > —1. dimX is the 
(Lebesgue-Cech) covering dimension. We first recall several classically equivalent forms of 
the definition. 

Theorem 6.1. / [IBl Thm 4.3.5] j For a nonempty separable metric space X and ra G N, the 
following conditions are equivalent: 

(1) dimX <n( dimX < n + 1), 

(2) every open cover lA of X has a locally finite closed refinement V with order < n + 1, 

(3) every open cover lA of X has an open refinement V with order < n + 1, 

(4) every open cover lA of X has a closed shrinking V with order <n + l, 

(5) every open cover lA of X has an open shrinking V with order < n + 1, 

(6) every finite open cover lA of X has a closed shrinking V with order < n + 1, 

(7) every finite open cover lA of X has an open shrinking V with order < n + 1. 

Leaving X G N hxed we next consider some effective versions of several such con¬ 
ditions, including ([T]), ([3]), ([5]), ([6|) and ([7]) above. Define :C S5(X)'^ S5(X)'^, 

:C SO(X)'^ ^ S?(X)'" X N-" (fj = *,a;), C :C S?(X)* n?(X)* and t :C S?(X)* ^ 

n?(X)* X N* by 

C'^{{Ui)i) = {{Wi)i I {Wi)i shrinking of {Ui)i of order < X -h 1} 

C*m)r<k) = {{{Wj)j<i,r) I |r| = I, (Vj < l)Wj C Ur^,{Wj)j cover of order < X + 1} 
C'“((C/i)iGN) = {{{W^)^,r) I (yj)Wj C Ur,,iWj)j cover of order < X + 1} 

C{{Ui)i<k) = {{Fi)i<:k I {Fi)i shrinking of {Ui)i of order < N + 1} 

C{{Ui)i<k) = {((.^i)i<iX) I kl = U (Vj < l)Fj C Urj,iFj)j cover of order < X -b 1} 









EFFECTIVE ZERO-DIMENSIONALITY 


13 


Here domC”^ = domC'^ = {{Ui)i G \ \JiUi = X} and domC = domC = domC*. 

The following lemma includes an effective version of [U Thm 7.1.7] and extends parts of 
Proposition 15.11 

Lemma 6.2. For a computable metric space X and N G N, consider the following condi¬ 
tions. 

(1) C‘^ is computable. 

(2) C'^ is (5^0) [5^0) idfij)-compiitaWe. 

(3) C* is { 6 ^ 0 , ^^o)-computable. 

(4) C* is {S^o,[S^o,5f>i*])-computable. 

(5) C is { 6 ^ 0 , 6 ^o)-computable. 

(6) C is {S^oA^^oj^n*])- computable. 

Then dSI), ([H), ([5|) and dH) are equivalent. Also ([I]) ([2]) ([3|). 

Proof. 

0 (El): trivial (take r = idn); (l3|) dl]): take / = A:, r = 01... (A: — 1) G N*; 

dH) => (0): let i{Vj)j<i,r) G C*{{Ui)i^k) and Wi := \J{Vj \ j < I, rj = i} {i < k). Then 

Af-l-l 

n =U{n F{^m<N + l)rj^=im} = ^ 

j<A^+l m=0 

for any distinct indices io,... ,iN-{-i < k (for, any such j is injective and has order 

at most + 1). 

dSD ^ dU): Let {(VAjmx) G ^"^((t/OiGN) and Wi := I J G N, rj = i} (i G N). 
dH) (0): (kPi)iGN G C^{Uq, ..., 0, 0,...) implies W = $ for all i > k. 

(0) (0)- same as (0) ^ (0)' (0 d51)' It {Vi)i^k G C*{iUAi<k\ applying 

Proposition 13.51 gives in particular {Fi)i^k G S-{{Vi)i<:k) which is a closed cover with 
{yi)Fi (G Vi C Ui. Any string of indices w G [0, A:)* has nj<|to| ^ r\j<\w\^y^j^ so 
{Fi)i<k is of order at most A" + 1 also. 

(IHI) dSl): Given a finite open cover (Vi)i<fc and (Ti)i<fc G C{{Vi)i<^k), apply Lemma [331 
to obtain {Ui)i^k G 5+^w((Pi)j<fc)- By definition, {Fi)i^ki iUi)i<k both have order at most 
A + 1, and iUi)i^k is a cover since {Fi)i^k is. By computability of C and we obtain 
(5^0-information on {Ui)i^k- HH 

In view of the results of Lemma 16.21 (and the classical definition of covering dimension) 
it seems reasonable to make the following 

Definition 6.3. Let (A, d, v) be a computable metric space. If Condition dH) of Lemma 
lOD holds (equivalently, (0)); say X is effectively of covering dimension at most A. 

Further equivalent conditions for dim A < n can also be investigated. Here we will 
restrict ourselves to considering a couple of operations of fixed arity A + 2. If A is a 
computable metric space and A G N, define C :C S5(A)^+^ S5(A)^+^ by 

cm)i<N+i) = {{Wi)^<N+i I m{Wi c [/,) A u, kPi = A A n, Wi = 0}; 

here domC = {(Ui)i<N-i-i I Ui Li = ^}- Then we have the following (cf. the classical results 
0 Lemma 7.2.13, Cor 7.2.14]) 
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Theorem 6.4. Let X be a computable metric space and N ^ N. Then the following are 
equivalent: 

(1) C* is computable. 

(2) C is -computable. 

(3) D is computable, where D :C ^ with domL) := {(i?j)j<Ar+i | 

flj Bi = 0} and 

D{{B,)i<N+i) 9 {Fi)i<N+i : ^ {yi){Bi C F^) A\J^^F, = XA Ft = 0. 

Proof. 

(HD (12]): Any realiser of C*, given a (5*o,„>-nanie of {Ui)i<]\f+i, computes a name of some 
shrinking (fTj)j< 7 v+i with order at most iV + 1, i.e. ni<Ar+i ~ Since ^ 

the result follows. 

Zji (A ) 

(I2I) ^ (tH): Given (17i)i<m € domC*, note it is trivially a shrinking of itself of order at 
most A^ + lifm < A^ + 2 (then no i G [0, is injective). If m = + 2, clearly 

it is enough to apply C. m > N + 2 we can apply C several times, as follows. First, 
given {Ui)i^rn £ domC*, compute some {Ai)i^i C ^^(N) enumerating all A C [0, m) with 
|A| = A^+ 1; this can be done computably in m, N. Define H :C S5(A)* x E{N) ^ S5(X)* 
by domi? = {(([/j)i<m,A) \\J^Ui = X, A C [0,m), |A| = iV + 1} and 

H{Uo ... Um-i,A) = I (3IF € ... V^^'W) G C{Ui, ... U,), 

(Vj < N){ij < ij+i), A = {ij I j < iV} and (Vi < m)(i ^ A ^ Vi = W n Ui)}. 

One checks H is computable, since C, binary union and intersection for open sets and 
relevant operations with finite sets are computable. In particular, the (inner to outer) 
composition of H{-,Ak) {k < L) is computable. 

We write := Ui (i < m) and (’F/^’'’^^)j<m G H{{v}’^^)i<rn,Ak) for k < L. Then it 
is sufficient to prove the following property holds inductively: 

Property 2. {v}^'^)i^rn is a shrinking of (D/°^)i<m with O fljeA; = 0 if / < A:, 
m > i ^ Ai. 


Trivially Property [2] holds for k = 0. For the inductive case, any i < m has either 
i ^ Ak (so = VF n C where IF depends on A:) or z G A^, say i = ij (where 

if) < ■ ■ ■ < iN are all the elements of A^). In the latter case, C 

Also, 


u 


i<m i 


F 


(fc+i) 


= u 




) = U*gA. F 


(fc+i) 


UkF = X, 


so (f/^+^^) i^rn is a shrinking of (F^^^)i<m- Now consider A; where I < k] for m > i ^ Ai 
we have 

n r.<‘+'> c V‘> n = 0. 

If instead I = k and i ^ A^ then 

DjeA, n c n.xA,n IF = 0. 

Using the above induction, after L steps we have dealt with each A^ [k < L). But then 
Property [2] means (F^^^)i<m is a shrinking of {Ui)i<^rn of order at most + 1. 
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([2]) dS]): domD = {{Bi)i<N+i \ {X\Bi)i<N+i € domC}, with {Fi)i<N+i G D{{Bi)i<N+i 

iSiX\Fi)i<N+ieC{iX\Bi)i<N+i)- □ 


7. Compact subsets and an application 

In this section our intention is to present some consequences of assuming that X effectively 
has covering dimension at most 0. In fact, as we will be dealing with total boundedness 
it is convenient to make a stronger assumption than in Sections [5] and [ 6 l incorporating 
effective compactness. For working with computability of compact subsets we will assume 
familiarity with [5], though our notation will be slightly different. Any re G N* codes an ideal 
cover, namely the finite collection of open sets a{wi) {i < |t(;|). Informally, a dcover-name of 
A G /C(A) is an unpadded list consisting of (w) for every ideal cover w which covers K. 

Definition 7.1. Ideal covers u, u G N* are formally disjoint if 

(Vz < |u|)(Vj < \v\)d{iy{7riui),u{7rivj)) > UQ+{TT2Ui) + UQ+(7r2Uj). 

For any ideal cover tt G N* the formal diameter of u is 

D{u) := max d{v{-KiUi),v{'KiUj)) + yq+{'K 2 Ui) + UQ+(7r2Mj). 

i,j<\u\ 

Informally, we refer to both zc G N* and U(w) := Ui<|«)| cniwi) as the ideal cover w. 

Definition 7.2. Define Z^{X) := {Y G /C(A) | dimY < 0} and ® ^ ^dX) 

by 

P e (<5kj-cover)"'{i^} : ^ ■ ■ ■, M G N, C r, 

[/(zub)) D K, (zz;b di<i pairwise formally disjoint} = {o G N | {3i)pi = a -|- 1}. 

Informally, p G (<5disj-cover)~^{-^} iff P is a padded list of all formally disjoint tuples 
of ideal covers which together cover K. Representation i^disj-cover ^ib be used exten¬ 
sively in this paper, but may be of independent interest. When considering effective zero- 
dimensionality of X (as in Section [S]), it is also useful to define a representation of the class 
ICO of compact open subsets: 

’■= n dcoverl^^- 

Finally, define D :C S5(A) x /C>(A) ^ A5(A)^ x (Z+)^ x {0,1}^ by declaring 

{{Wi)i,r, s) G D{U,K) iff {Wi)i pairwise disjoint, IJi bF* = C/ C A, 

(Vz) {Wi = 0 Si = 0) and (Vn)(Vj < r^) (diam < {n + 1)“^) . 

Here /C>(A) denotes class X{X) equipped with the representation dcover- The operation D 
roughly corresponds to the statement of m §26.11, Cor 1]. 

Proposition 7.3. Consider the following conditions on computable metric space X: 

(1) A is hdsj.cover-computable. 

( 2 ) There exist a basis B for Tx and computable 6 : N —)• XO with imb = B F XO. 

(3) operation D is computable and there exists computable 7 ; N —>■ Si(A) x /C>(A) such 
that B := im( 7 ri 07 ) is a basis for Tx and (Va G N)( 7 ri 7 (o) C 7127 ( 0 )). 
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(4) There exist computable b :N ^ A5(X) and c.e. refined inclusion of b w.r.t. a such that 
B := im b is a basis for Tx- 
Then dH) ^ (ID ^ Q ^ (HD. 


Proof. 

(HD (ID): If p is a computable '^disj-cover"'^^™® each n' € N we can compute the 

tuple {n,k) that satisfies Pn > 1 and k < |t^*(pn — 1)|- Note n' can be arbitrarily 
large since (5disj_cover complete names and any tuple of formally disjoint 

ideal covers covering X can be padded by adding copies of the empty cover. Writing 
(u;(”’^)) := i'n*{pn — l)fc for any such n, k, note 

b'{n') = b{n,k) = K := 

using formal disjointness. In particular, finite unions preserve openness and closedness 
properties, while K is compact as a closed subset of X. 

We can further compute some q G and r G Clearly {q,r) is a 5^o- 

name for K, and the definition of ^disj-cover ensures b'{n') runs over a basis for topology of 
X by the following argument. Given p > 0, by compactness and zero-dimensionality there 
exist finitely many points {xk)k<lo ^ X and a finite partition {Ui)i^i C Ti^(X) such that 
Uq = {B{xk] 2 ))k<io i® ^ cover of X and is a refinement of ZYq. Each Ui = 

is compact with diaml7j < rj and we claim we can pick ideal covers ?/;(*) G N* of each Ui 
{i < 1) which are pairwise formally disjoint and each have formal diameter < p (this ensures 
the basis condition is met for ‘components’ Namely, let 


r ;= mmd{Ui, X \ Ui) = min d{Ui, Ui') (> 0 by compactness) 


and D := maxjdiamC/j (< p). Clearly any respective irredundant ideal covers of 

Ui, Ui' {i i') with each radius < ^ min{r, r] — D} satisfy 


^ ^ j 


(for any j < j' < )|) and also 

d{v{-niw^"’), v{'Kiw^^)) + i>q+{'K 2 W^"‘) + VQ+{'K 2 W^y) < D + {ri- D) = ri 


(for any j,j' < This completes proof of the claim above. 

Finally we observe b,b' :C N —>■ ICO are computable (since p computable). We have 
written h'{n') = h{n, k) for convenience, however the domain of b depends on p, whereas b' 
is total. 

(|D dD: Let F :C B —>• B be a computable (dn, 5cover)-i’ealiser of b and define c' by 


cu'd ■. (F(c.0‘‘’) enumerates an ideal cover u with (Vi < \u\){ui C d)). 


Then (c') C is c.e. and is a formal inclusion of b with respect to a satisfying property 
dH) from Dehnition 12.11 In fact, u' coincides with set inclusion (c c' d iff 6 (c) C a{d)), 
as we now show. First, assume 0 7 ^ 6 (c) C a{d). By compactness, r := i^Q+( 7 r 2 d) — 
max 2 gft(c) d{z,v{'Kid)) > 0. Pick an irredundant ideal cover u of 6 (c) such that Ui \Z d for 
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each i < |u|. For instance, consider all o € N such that < i'Q+{'^ 2 a) < § (then 

take a finite subcover): for appropriate 2 : G 6 (c) we have 


d{u{-n:ia), v(7rid)) -|- i^Q+(7r2a) < d(v(7ria), z) + d{z, z^(vri(i)) + r'Q-i-(7r2a) 

< 2r'Q+(7r2a) (r'Q+(7r2d) - r) < r'(Q+(7r2d), 


so a C d. Then Ui \Z d for all i < |u| and u is enumerated in any dcover-name of 6 (c), hence 
c c'd. As n = A is enumerated in any dcover-name of 6 (c) = 0, the same conclusion holds 
without assuming 6 (c) 7 ^ 0 . 

© ^ Q: Let F and G be computable realisers of D and 7 respectively, and write 
{F o G){k.Q'^) = .. .),r), s). Then dd :C B —> B, (j,/c).p i-A is computable and 

we claim 6 : N ^ A5(A), {j, k) i-A (d^o o k).QF) is a basis numbering. For, if x G A, 

U G Tx with X £ U then there exists d G N such that x G (vri o 7 )(fc) = (tti o G){k.0‘^) C U. 
Since {D o 7 ) (A:) is equal to 


{D 


o [dj^O , dc 


G){k.on 3 ([[dXo,idB],idB|^°’'>VFoG)(A:.0‘") = ((d^o(t«)),6N,r,s) 


we in particular have (tti o 7 )(/i:) = (J^ so X G d^o(t(^)) = (d^o o H){{j,k).0‘^) for 

some j G N. 

Finally we observe in fact im6 C fCO with 6 : N —?> ICO computable. More formally, 
b{j,k) = (i o b){j,k) n (712 o 7 )(/c) for all j,k G N where i : A5(A) —> n5(A) and n : 
115 (A) X IC^{X) —)> A>(A) are computable. 

@ => @ (Proof sketch): Given p G B = domd 5 ] 0 (j(^), a computable realiser A :C B —)> B 
of 6 and c.e. formal inclusion n' as in 0 , dovetail checking if m c' pj — 1 (over m, i G N 
such that Pi > 1). If so, the computation using index m ends, we increment n and dovetail 
output of (T(m. 0 ‘^) 2 fc)fcGN as p^""^ in ...). 

This describes (without direct use of compactness information from 5xo) a computable 
map G : B —>■ B realising 

F : S?(A) =1 A?(A)^,C/ ^ {{Wi)i \\JiW^ = U, {\fN){3i > A)(diamiy, < {N + 1)-^}. 

If {U,K) G domt) (i.e. GCA) and {Wi)i G V{U), W* := Wi \ we can also 

write W' := i'{W*) n K where n : n?(A) x A>(A) ^ A>(A) and d : A?(A) ^ n?(A) are 
computable. Using compactness, for each i an ideal cover u;d) g of can be found, by 
ideal balls of formal diameter < (i + 1)“^ and formally included in IT*. 

Considering relatively open sets in IT*, apply the reduction principle to the cover 
a(u;j*^) n ITj* {j < |u;d)|): let 


(IT„), G 5'^»'(a(u;«) n IT,*,..., a(a^[:'„|_,) n IT,*, 0, 0,...) C A)>(IT,*) C A?(A). 




In fact a (d^o^^), ^^o^jj-p-realiser for will also (d**", d‘^)-reahse S'^ for any Y C A if d is 
the representation of S5(T) defined from the effective topological space (T, 73s:|y, ay)- A 
similar statement is true for , so each R^i oS^i :C S5(IT,*)^ =1 A]’(IT,*)^ is computable, 
uniformly in i, as are the inclusions A5(IT,*) ^ A)*(A) (use -names of IT,* and 

computability of binary intersection on S 5 (A),n 5 (A) respectively). 

Letting r, := WJ2^^^ri+j ■= ^k,j (j < k G N), we have sequences r, (ITj)i 

almost as in definition of G. To prove D computable it remains to ensure r, > 1 for all 
i and detect nonemptiness of the ITj. From a d^o(j(^)-name of Wij and dcover-name of K 
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(3 [/ D Wij), a Jyco-name of Wij is computable. Also, is (<5^:0, computable 

where 


z : A?(A) ^ {0,1},!^ ^ 


0 , 

1 , 


if Vh = 0 
if fF/0 


Fixing some oq € doma = N we modify the above argument to pick as a one-element 
cover oo € N C N* if W* = 0, and choose irredundant otherwise (nonemptiness of 
n W* is clearly decidable without using z). Then > 1 for all i. 

This completes the proof. D 


As an application of Proposition 17.31 (using the operation D), we present an effectivisa- 
tion Theorem 17.61 of ([3) , the retract characterisation of zero-dimensionality from Section [TJ 
In Section [8] a converse to this result will be proven. Before stating the theorem, we give two 
lemmas relevant for dealing with compactness in situations involving the representations 
‘^dist’ Grange- For any closed A,BCX, denote d{A, B) := mf{d{x,y) \ x € A,y £ B} with 
the convention inf 0 = oo. 


Lemma 7.4. For any computable metric space X, d :C A{X) x IC{X) —M, (A, 77) i—)■ 
d{A,K) (domd = {{A, K) | A / 0}j is {[5^-^^, 6cover],'P<)-computable. 

Proof. Suppose p € (<^dist)~^{^}’ ^ ^ '^coierl-^}) I” G Q- Then we claim 
d{A,K) > r (3n)(3u; G N*) {qn = {w) A (Vi < \w\) {dAii^iTTiWi)) - i'Q+{TT 2 Wi) > r)) 
{3n){3w £ N*)[qn = {w)A 

(Vi < \w\){3j,k) ((i?p o-F)( 7 rirci. 0 ‘^)j = k + lAi^Q{k) > r + i'Q+{Tr 2 Wi))) 

where F :C B —)> B is a computable (dj^, 5jv)-i’ealiser of : N ^ A. 

For the hrst equivalence, if d{A,K) > r then every x £ K has dA{x) > r and by 
density of v and continuity of dA there exists a G N such that x £ a{a) and (d^ o u){'Kia) > 
r -|- i/Q+(7r2a). Compactness gives an ideal cover w as required. Conversely, given such w, 
any x £ K has some i < |t(;| such that x £ a{wi), so dA{x) > {dA o z^)(7riu;j) — t'Q+('/r 2 tCi). 
Now d(A, K) = valx^K dA{x) > minj<|^„| ((d^ o i/){TTiWi) — r'Q+{TT 2 Wi)) > r. One checks this 
argument works for K = ^ also. The second equivalence follows from p £ (<5djgt)~^{A}. Q 

Lemma 7.5. Let X be a computable metric space. If K F X is compact and K C N^{S) 
then there exist (sj)j<n C S and an ideal cover u G N* of K such that v ‘formally refines’ 
{B{si-, e))i<:n, he. for every i < |u| there exists j < n such that d{iy{7riVi), Sj) + h'Q+{TT 2 Vi) < e. 

Proof. Whenever x £ B{s-, e) we can pick q £ Q"'' with d{x, s)+q < e, then a £ v~^{B{x] < 7)0 
B{s] € — q)) (so b = {a,q) satishes x £ a{b) and d{v{'Kib), s) + r'Q+(vr 26 ) < e). But applying 
compactness once gives K C Ui<n-®('®de) for some {si)i^n ^ S, and again gives an ideal 
cover as desired. □ 

Theorem 7.6. (cf. [HI Cor 26.II.2]j Suppose X is 5'j^^^j_^^.^j^.^-computable. Then E :C 
A{X) ^ C{X, A), A 1 -^ {/ I im / = A A /|a = idyi} (dom E = A(A) \ {0 }) is well-defined 
and computable (where A{X) is represented by brange n b^isJ- 

Proof Sketch. First (by Proposition I7.3p recall D :C ^^(A) x A>(A) A5(A)^ x (Z+)^ x 

{0,1}^ is computable, say let G be a computable realiser. For a fixed name of A G 
A(A) \ {0} as input, consider corresponding ((IFj)j, s) G D{X \ A, A) and pick (x* G 
Wi, if Si A d; Xi £ imv, if s* = 0) and also yi £ A computably such that d{xi,yi) < 
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d{A,Wi) + (i + 1)“^ (i € N). This is possible since d{A,Wi) is computable from below 
uniformly in the input and i (use Lemma [73]), and since Jrange-names of A, Wi are avail¬ 
able. 

Next define 


f :X ^X,x^ 


X, 

Vi, 


\i X ^ A 

if (3i)Wj 3 X. 


That / is continuous is shown by Kuratowski; we will check / is computable in the inputs 
directly by showing f~^V is computable uniformly in the inputs and a Jj^o-name of 1^ € 
Roughly speaking, we consider (instead of disjoint cases as in the definition of /) 
a disjunction (3i)x € ITi V {3N){x G ni<Ar(^ \ ^i)) where in the second case N has to 
be suitably large. This will be used to define computable T :C B —>■ M, {{p,q),r) i—>■ t 
so that each induced function u = o F{{-,q),r) : dom(jx —>• 5]5(7^) satisfies {6x{p) G 

u{p) C if p G = 0, if P G domhx \(’’))• Then 

Lemma 133] can be applied to computably obtain a name for /“^(jj^o(r) (/ being dependent 
onq= {{q^^\... (t®,...)) where gW g S~l{Wi}, fW g S^^iyi} for all i G N). 

To define t, we dovetail repeated output of ‘0’ with searching for large M, N and an 
ideal ball a = {pj, 2“f+^) small enough to satisfy 


Ro{p, q, r,j) (3i, k, I, m) (^q!^l > 1 /\ a n q!^^ - I Ari > 1 /\ {t!^ ,2 C r/ - 1^ 
or 

Riip, q, r,j, M, N) := (Vi < N){3k) > 1 A a C q^^k+i - l) A iV > ^ ^iA 

i<M 


2 i+2 < 1 /y g N*)( V appears in a Jcover-namc for fj^^jy(X \ Wi), 

V ‘formally refines’ a finite cover by (M + l)~^-balls about points of the Jrange-name of A) 


If found we should output ‘a + 1’ followed by 0“^. Any x G f~^V either has Wi 3 x for 
some i or else x £ A. In the former case, pi £V and property ([T|) from Dehnition 12.11 applied 
twice gives Ro{p,q,r,j), so assume x £ A. From V 3 fx = x and r G (5“o^{I/} we can pick 

k,M such that > 1 and (i(x, i/(7ri(rfe-l)))-k;p^ < i^Q+{TT 2 irk-l)), then iV > J2i<M 
XI) such that P|-^^(X\ITj) C N(^f^_^_lyl{A), then finally j G N, u G N* and a = {pj, 2~^~^^) 
as follows: such that v appears in a Jcover-name for \ Wi), v ‘formally refines’ 

(R(zi;(A/ + l)-i)),<„ for some zq, . .., Zn-i £ A given by the input (5range-Rame of A, a is 
‘formally included’ in 2 “'^A -2 < (M-|-l)“^ and (pj, 2 “.?’+i _|_ c r^ —1. To 

see such j exists use v{pj) -3 x, -3 0 and continuity of d in inequalities corresponding 

to the last three requirements; to see suitable v exists use Lemma 17.51 In this case one 
checks Ri {p, q, r, j, XI, N) holds. 

Conversely, we will show U := 6^o{t) must be contained in f~^V, indeed that any 
j,XI,N with RQ{p,q,r,j) V Ri{p,q,r,j,XI,N) must correspondingly satisfy a{a) C f~^V 
(where a = {pj,2~W^)), For, in the first clause necessarily fa{a) C f{Wi) = {pi} C V, so 
we suppose the second clause holds. Now any z G a{a) has either z £ A or Wi 3 z ioi 
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some i. In the first case, fz = zG a{a) C B{u{pj)-, 2 + jfpj) C V. In the second case, 

2 ; € a{a) implies i > N and dA{z) < (M + 1)“^, so 

d{fz,v{pj)) = d{yi,v{pj)) <dwi{yi)+diam.Wi + d{z,v{pj)) 

< (d(AVF*) + (f + l)-^)+diamiy, +2-^+1 <-^ + 2 -^+\ 

M + I 

This completes the proof. D 


8 . Bilocated subsets 

In this final section, we present a converse to Theorem l7.6l (in other words, an effectivisation 
of the reverse direction of m Thm 7.3]), namely Proposition 18.51 This relies on a version 
of the construction of so-called bilocated sets from the constructive analysis literature — 
see Proposition 18.41 Such a construction for us involves an application of the effective Baire 
category theorem and a decomposition of compact sets formally different to that in Section 
[7] (see Theorem 18.21) . The proofs of both Theorem 18.21 and Proposition 18.41 are adapted 
to computable analysis in an ad hoc way (not following an established interpretation of 
constructive proofs in this context). It is also worth noting a constructive development of 
dimension theory exists m, m which, though based on information weaker than we shall 
consider, does also use bilocated subsets fundamentally [21 Thm O.Ij. 

We begin with several representations from |5], namely with dmin-cover (similar to Jcover 
except that each ball of each ideal cover is required to intersect K), (5(ange dnausdorfr- 
Here ...) G (5mnge)~^{-f^} | i G N} C domdjv, K = cl{(Ij\:(p^d) | j ^ 

q is unbounded and dniKi, Kj) < for all i,j G N, where Ki := {(5x(p^^^) \ k <qi} 

{i G N). 

To define (fnausdorff) we first consider /C(X) \ {0} metrized by the Hausdorff metric dn 
and denote Q := {H C imu | H finite, H 7 ^ 0} = £'(imu)\{0} C /C(X)\{0} with numbering 
VQ defined by vq { w ) := {^(tCi) | i < Itc]} for any tu G N* \ {A}. Then p G (^Hausdorffi-^} 
iff imp C domuQ, dYi{vQ(j)i),VQ{pj)) < for all i,j G N and K = Y\m.i^ooVQ{pi) 

with respect to dn- Most relevant below will be the following result from [5l Thm 4.12]: 

Lemma 8.1. dfjausdorff — Grange — ^min-cover\^^ )\{®} , 

On the decomposition of arbitrary compact sets, we then have the following result (a 
version of [H Thm (4.8)]). 

Theorem 8.2. Let X be a computable metric space. Then S : JC{X) x N ^ JC{X)* defined 
by 

S{K,l) := {Ko... Kn-i \K=[ \Ki, maxdiamKi < 2"'} 

i<n 

i<n 

{[^min-cover^ ^ min-cover) 

Proof sketch. Assume F :C B —)■ B is a computable witness of < <^mnge- 

Given p G <^mki-cover{-^} ^-^d I, compute n G N and singletons X^ T K {j < n) such 
that (Vx G A')(minj<„ djfp(x) < 3“^2“*); for instance, use appropriately the {I + 4)*^ finite 
approximation to K from the (5(ange"'^9,me F{p). Similarly, for each z G N, we define X^'^^ 
[j < n) in terms of corresponding Xj as follows: find a strict 3“*“^2“^-approximation 
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{xj I j < A^} C K to K (using F{p) appropriately); compute some partition SUT = 
[0, N) X [0, n) C where 

{m,j)eS => dxi{xm) < and {m,j)eT => (x^) > 

J J 

for j < n let := Xj U {xm \ m < N, {m,j) G 5}. The finite sets Xj {j < n, z G N) 
thus defined easily satisfy the first two properties of 

(1) Xj C Xj+\ 

(2) (Vx G K){yj < n) (^x G Xj+^ ^ d^j(x) < 3-*-i2-'), 

(3) (Vx G X)(Vj < n) (^dxjix) < dxi+i{x) < 3-^-^2-^y 

For the third, let x G X with dxi{x) < 3“*“^2“* and choose m < N such that d{x,Xm) < 

j 

3~^~^2~K We have 


dxiixm) < d{xm,x) + dxi{x) < {3 * ^-I-3 * ^)2 ^ < 3 * ^2 ^ ^ 

j j 

{m,j)eS Xm G Xj+\ 

It follows that dxi+i{x) < d{x,Xm) < 3~^~^2~K 

_ 

We now check Yj := rather Xj := Yj {j < n) satisfy total boundedness and 

the diameter condition. First, consider m G N and y ^Yj. For i with y G Xj, either i <m 
(so dx^{y) = 0) or i > m. In the latter case, ^\k^[rn,i) allows to construct {yk)\=m with 

yi = y/\{\/k){m < k < i G Xj'A d(?/fc, ?/fc+i) < 3“^“^2“') 

(that is, if yk+i G pick yk G X^ such that d{yk+i,yk) < 3~^~^2~\ inductively for 

/c = z — 1,..., m). 

Then dx-(y) < d{yi,ym) < J2m<k<id{yk,yk+i) < = 

2“*~^3“™. As Xj” is a finite 3“’”2“*“^-approximation to Yj, it is also a finite 3“™'2“^- 
approximation to Xj. Since m was arbitrary, Xj is totally bounded. Next consider z G N 
and X, x' G Xj+^ ; we have 

i i-l-1 

d(x,x') < d^i(x) TdiamXj + d^i(x') < 3-^-^2-^+^ + ^3-^2-'+^ = ^3-^2-'+^ 

k=l k=l 


provided diamXj < Ylk=i^ Plainly the latter condition holds for z = 0, so an 

inductive argument applies. In particular, diamXj < 3“^2“*'''^ = ^ = 2“^ 

Finally, if x G X, pick j < n such that d-v'o(x) < 3“^2“^ By induction on z G N using ([3]) 

j 

we have dxi{x) < 3“*“^2“* for all z (case z = 0 by choice of j). Thus Yj = contains 

points arbitrarily close to x, i.e. x & Yj = Xj. 

Using the above construction, observe ([T|), (l2|) imply dH(Xj, Xj"*"^) < 3“*“^2“^, so if 
i' > i then 


dH(x),xn < 


E 


dH(xj=,x^+')< 


3-k-i2-i < 


j—i — ln—l 


= 3“*2“^“^ < 2 ~\ 


1-3-1 
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Clearly then di{{Xj,Xj) < 2 for all i,i'. Defining q in the obvious way, we obtain 

a (J'g^^gg-name for each Xj (j < n), and each can be translated into a (Jmin-cover-naRie ■ 
Now, consider the possibility that K = it). Observe for p G dom (5min-cover that 

{p contains ideal cover A) iff {p contains only ideal cover A) iff p G ^mhi-coveri®}- 

Using this condition it is possible to decide from p G <5min-cover{-^} whether K = $. If so, we 
output n.(p,p,...) for some fixed n > 1, otherwise we output n.{q^^\ ..., 0“, 0“^,...) 

dehned as above. □ 

Next we must recall the effective Baire category theorem (see [U Thm 7.20] and the 
references there). 

Theorem 8.3. Suppose X is a complete computable metric space. Then 

B :C n?(X)^ ^ I ixi)i dense in X \ [J Ai} 

i 

(domB = {{Ai)i I each Ai nowhere dense}) is computable. 

Proposition 8.4. (cf. O Ch 4,Thm 8], [HI Ch 7,Prop 4.14]J Let X be a computable metric 
space. Define p+,p- : M x C(X,M) ^ S?(X) and P+,p- : /C(X) x M x C{X,R) X{X) 
by 

P^{aJ) ■■= f~^{a,oo), p~{aj) := f~^{-oo,a), 

P+{K,aJ) ■.= Knr^[a,cx>), P-{K,a,f) := K n f-\-oo,a]. 

p'^,p~ are computable and P^,P~ are {Scover,P, p]; 5cover)-computable. 

Moreover A is {6min-cover, <5q, 6 ; [p, computable where 6 := [6x p] and A :C 

X{X) X X ^(X, R) ^ R X /C(X)^ is defined by 

A{K,a,h,f) := {{a, P~ {K,a, f), P+{K,a, f)) \ a < a < b A K r\p-{a,f) = P~{K,aJ)A 

Knp+{aJ) = P+{K,aJ)}, 

with domX = {{K, a,b, f) | X / 0 A a < 6}. 

Proof. First, p'^,p~, P~^, P~ are computable: by computability of preimages of / (S5(R) x 
C(X,R) ^ S?(X), n?(R) X C{X,R) n?(X)) and the operation n : n?(X) x /C>(X) ^ 
/C>(X). 

Now, given a (Jmin-cover-narne of K, for each A: G N consider a decomposition K = 
hi Theorem 18.21 with maxjdiamXj' < We can compute maxima 

and minima of / on each Xj, effectively in k, j (and uniformly in names of K, /), 
and will call these c^j. As they form a sequence computable from K, f (for instance 
Cro! C(J]o; ■ ■ ■; Co]Aro-i; • • •) 0^6 compute a G (o, b) which avoids all c'^j 

(formally, use Theorem 18.3p . 

Using positive information on Xj, if c}) j < a we compute some xf) j G Xj with fixfij) < 
a, similarly if a < c)) j we compute some x)) ■ G X^ with a < fix'lj). We will write 
M" := {j < Nk I < a}, M+ := {j < Nk \ > a} and set Y~ := {xlj \ j e Mf} 

{a = +,—)• Note that Yfi is a finite 2“^~^-approximation to := K l^p"{a^f) (for, 
Yfif C X~ while any x G X~ has some j < such that Xj 3 x, with necessarily 
< f{x) < a and d{x,x~jf.) < diamXj^ < 2“^“^. The proof for u = + is similar). As a 
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consequence, we have the equivalence = 0 iff = 0 for all k iff = 0 for some k, and 
also for each k the equivalence Y^ = 0 iff = 0. Moreover, we can (if ^ 0) compute 

finite sets of ideal points approximating writing in strictly 

ascending order and G for the Cauchy name calculated by our algorithm, 

define ul = ■ ■ ■ ^pffi); then vq{uI) C N^.k-i{Y^^^) and Y^^^ C iVa-^-i( z^q«)). 

Overall we get 

^ q {0 C iV2-.-i(X^) C (8.1) 

and in particular any /c, Z G N satisfy i^q{u'^) Y A^ 2 -fc-i-i- 2 -*- 2 + 2 -*-i (^s(rrr)). For k > I thus 
i^Qiuf)) < max{2-’^-^ + 2-^-^ + 2 -'-\ 2 -'-^ + 2-^-^ + 2-^-^^ 




= 2-^-^ + 2“^“^ + 2~’-~^ = -h 2“^ + 2“^) < 2~K 


On the other hand, for any e > 0 there exists k with 2“^“^ -|- 2~^~^ < e and in this case 
()8.ip implies di{{X^,UQ{u'l)) < e. For X^ / 0 we have thus shown UqU^ ■ ■ ■ G B is a 
<5Hausdorfi-name for Xg, computable from the inputs. 

We now verify Xa = K n f~^{—oo,a]. First, Xa Y K D f~^{—oo,a] by closedness of 
K and continuity of /. On the other hand, suppose there exists x G {K 0 f~^{a}) \ X^ , 
say V G Tx is such that xGCniFCiFn f~^[a,oo). Then for k sufficiently large and 
j < Nk such that Xj 3 x, we have Xj Y V H K, but by construction < f{x) = a 

implies ■ < a and thus Xk n /“^(—oo, a) / 0, a contradiction. Xa = K Ci f~^[a, oo) is 
verified in a similar way. 

Finally, we describe the output of the algorithm. If X^ = 0 (equivalently, Mq = 0) for 
some a G {±} we should output some fixed computable (5min-cover-name of 0 as the name 
of for the corresponding a. Otherwise, we should compute a ^Hausdorff-name of Xg (as 
above) and translate this into a 5min-cover-name. Since Mq G F1(N) is computable from the 
inputs, the choice between these two cases is decidable. This completes the description of 
the algorithm. Q 


Finally, we give our converse to Theorem 17.61 


Proposition 8.5. Suppose X is 6 cover-computable and E :Y A{X) ^ C{X,X),A i-A {/ | 
im/ = A A f\A = idyl} (domE = A{X) \ {0}} is well-defined and computable, where 
A{X) is represented by drange FI Then X is zero-dimensional and M from Section\^ is 
computable. 

Proof. First, (nonuniformly) note any Jcover-name of X is also a dmin-cover-name of X. For 
given X G W and fc G N we will compute a (5^o-name of a neighbourhood W 3 x with 
diamhF < 2~^. Namely, if p G df^{x} we will apply Proposition 18.41 twice to d{x,-) (in 
place of /) to get some 0 < oq < < 2“^“^ with 

B{x] ai) = B{x; ai) A X \ B{x; Oj) = X \ B{x‘, Oj) 

for each i. Then, in particular, A := B{x-,ai) \ B{x;ao) is the closure of V := B{x;ai) \ 
B{x;ao). 

Proof of claim: Clearly 

y GV ao < d{x, y) < ai => oq < d{x, y) < oi y G A, 
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SO also V C A. Conversely, if y £ A, either r := d{x,y) G ( 00 , 01 ) or r = oq or r = oi. 
If r = oo, use X \ B(x;ao) = \ B(x;ao) to get some sequence (yj)jeN ^ \ B{x;ao) 

convergent to y. For large j we get yj G V, so y G V. Case r = oi is similar using 
B{x;ai) = B{x-,ai). This completes proof of the claim. 

Note Cauchy names of oo,oi allow us to compute a ^^-o-name of F = d{x, •)“^(oo,oi) 

from p, hence (using properties of formal inclusion) a drange-name of F = A. On the 
other hand, a dno-name of ^4 = d{x,-)~^[ao,ai] can be used to compute a (5^jg^.-name of 
A (and similarly for A U {x}), since (in notation of [5]) Jcover < and <5^ < and 

n : n5(X) X /C>(X) /C>(X) is computable. Consequently, a name of some / G Fl(Au{x}) 

is available. Now let IF := B{x]ai) H f~^{x}. Since f{A) is disjoint from x, also IF = 
B{x-,ao) n f~^B{x-,ao), and the result follows (since 2ao < 2“^). □ 

More formally, one can extract from Theorem 17.61 and Proposition 18.51 the following 
equivalence statement: if computable metric space X is dcover-computable then 

dim X = 0 4=^ E well-defined & computable 4=^ X eff. of covering dimension < 0. 

This uses ^digj.cover = we leave details to the reader. 
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